AIChE

Numerical Simulation of Rapid Expansion of Supercritical
Carbon Dioxide

Jiewei Liu, Minh Do-Quang, and Gustav Amberg
Dept. of Mechanics, The Royal Institute of Technology, 100 44 Stockholm, Sweden

DOI 10.1002/aic.14603
Published online September 8, 2014 in Wiley Online Library (wileyonlinelibrary.com)

Axisymmetric rapid expansion of supercritical carbon dioxide is investigated in this article. The extended generalized
Bender equation of state is used to give a good description of the fluids over a wide range of pressure and temperature
conditions. The locations of Mach disks are analyzed and compared with an experimental correlation for the case where
there is no plate positioned in front of the nozzle exit. It is found that the disagreement between our numerical results
and the experimental formula is very small when the pressure ratio is small, and increases as the pressure ratio
increases. It is also found that with different equations of state, the predicted positions of Mach disks do not differ a lot,
but the temperature profiles in the chamber differ a lot. The case where there is a plate positioned in front of the nozzle
exit is also studied in this article. A universal similarity solution is obtained. © 2014 American Institute of Chemical
Engineers AIChE J, 61: 317-332, 2015
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Introduction

Rapid expansion of supercritical solutions (RESS) has
received increased interest in recent years as a method to
produce fine particles with very narrow particle-size distribu-
tions. This has been applied to pharmaceutical aerosols, pig-
ments, surface coating, and so forth.'™ The solvating
strength of supercritical fluids is directly related to the fluid
density. Generally speaking, an increase in the density of the
supercritical carbon dioxide results in higher solvent strength
of carbon dioxide for various compounds.*” During the
expansion, the solvent transits from the supercritical state to
the gaseous state or two-phase state very quickly, leading to
a rapid drop in density and solvating strength. The combina-
tion of the rapid drop in density and very high supersatura-
tion results in the formation of fine particles less than 1 um."

Carbon dioxide is the most commonly used supercritical
solvent as it has several advantages.® First, its relatively low
critical temperature (7.=304.1282 K) and moderate critical
pressure (p.=7.3773 MPa) make its supercritical state easy
to reach. Second, it is an environmentally friendly, nontoxic,
low-cost, and widely available material. Third, it is in gase-
ous state under atmospheric condition, so the final product is
solvent-free and has a high purity.

Experimental research on the RESS process has been con-
ducted for over 20 years." Numerical simulations serve as a
good complementary tool to analyze and understand in-depth
the fluid flow behavior. Although there are some published
works in the literature on simulation of RESS, most of them

Correspondence concerning this article should be addressed to J. Liu at
jiewei@mech.kth.se.

© 2014 American Institute of Chemical Engineers

AIChE Journal

are 1-dimensional (1-D). Two-dimensional and three-
dimensional simulations of RESS are quite rare, to the
authors’ knowledge. A recent review of numerical investiga-
tions of supercritical fluid expansion is provided by Moussa
and Ksibi.> There are numerous papers in the literature dis-
cussing 1-D numerical simulation of RESS, such as the
series of papers of Tiirk and coworkers,"””™ the series papers
of Debenedetti and coworkers, %! as well as other research-
ers like Lele and Shine,13 Reverchon and Palado,14 Weber
and Thies,15 and so forth. As our main focus is 2-D simula-
tion, in the next two paragraphs, we review some 2-D results
about the RESS process in the literature.

The first 2-D axisymmetric simulation of the supercritical
fluid expansion was conducted by Ksibi et al.'® The full Nav-
ier—Stokes equation and total energy equation with the Altunin
and Gadestkii equation of state for carbon dioxide were
solved by the Total Variation Diminishing scheme using finite
difference method, with Roe averaged technique'” for shock
capturing. They studied the expansion of supercritical carbon
dioxide into an expansion chamber which contained motion-
less pure carbon dioxide. Their studies focused on the profiles
of thermodynamic variables along the centerline and the nor-
mal plate. Moussa et al.'® carried out a parametric study on
the nozzle geometry to control the supercritical fluid expan-
sion for carbon dioxide using the same equations and numeri-
cal method as Ksibi et al.'® did. Later, Moussa et al.'”
considered particle formation during the RESS process in their
model. Particle transport and growth are governed by the
time-dependent aerosol general dynamic equation (GDE). A
lognormal size distribution function is assumed for the par-
ticles and the GDE is solved with a sectional method.

Franklin et al.° numerically simulated the RESS process
for the perfluoropolyether-carbon dioxide supercritical

January 2015 Vol. 61, No. 1 317



solution by solving the axisymmetric, Favre-averaged com-
pressible Navier—Stokes equations with the lattice-fluid state
equation of Sanchez and Lacombe. Separate continuity equa-
tions were used for air and carbon dioxide. Khalil and
Miller?' studied the structure of supercritical jet expansion
for the inviscid, adiabatic pure carbon dioxide flow impact-
ing on a flat plate. They solved an axisymmetric Euler equa-
tion with the Redlich-Kwong equation of state,”” using a
two-step Lax—Wendroff finite difference method. They
showed that their numerical results compared reasonably
well with their experiment if the pressure was not very high,
and proposed that a divergent-convergent capillary seems to
be more suitable for the RESS process than the convergent
nozzles. Star and Edwards® studied the injection of super-
critical ethylene into nitrogen, using the Peng—Robinson
equation of state. Silvia et al* investigated the growth of a
magnetic thin film using carbon dioxide RESS expansion,
following the work of Khalii and Miller*! and Yamamoto
et al.> studied the expansion of subcritical and supercritical
carbon dioxide and water vapor, using the Altunin and
Gadestkii equation of state. Later, Yamamoto et al.?® simu-
lated supercritical carbon dioxide flow across the critical
point, and also briefly discussed rapid expansion.

When the supercritical fluid exits the nozzle exit, one of
the typical characteristics is phase transition. The fluid tran-
sits from the supercritical state to a single-phase or two-
phase state. All the models above have not considered the
entropy and energy contribution from the two-phase inter-
face. In 1893, van der Waals introduced a gradient term in
the Helmholtz free energy density to describe a gas—liquid
interface?”?® for isothermal, one-component fluids. Such a
gradient term began to be widely used thanks to the work of
Cahn and Hilliard,zg who studied the interfacial structure for
isothermal, binary alloys by adding a gradient term to Helm-
holtz free energy. Later, Onuki®® extended van der Waals
theory to dynamic processes by considering that phase transi-
tions, for a variety of situations, occur in flows with inhomo-
geneous temperature. His dynamic van der Waals theory was
later adopted by other researchers to study their specific
problems, such as the contact line motion in one component
liquid—gas system3 ! and boiling.32 Considering the possible
condensation of the fluid when it exits the nozzle, we are
going to study the rapid expansion of supercritical carbon
dioxide based on the dynamic van der Waals theory that was
proposed by Onuki.*

It has been pointed out in literature,” that cubic equations
of state, such as the van-der Waals (vdWs) or Peng—Robin-
son, failed to accurately estimate some properties of the
fluid, and should be avoided in supercritical fluid calcula-
tions. Several researchers have demonstrated that the
extended generalized Bender (egB) equation of state® could
predict the fluid properties quite well even in the supercriti-
cal region.*'® In a series of papers, Tiirk and Helfgen
et al."*? studied the RESS process with the egB equation of
state. However, their simulation is 1-D and only information
along the centerline can be obtained. In this article, we are
going to simulate the RESS process in the 2-D axisymmetric
case with the egB equation of state. Some results calculated
with the vdWs and the ideal gas equations of state will also
be presented for comparison.

Another typical characteristic of the RESS process is the
formation of shocks. When a high-pressure fluid exits from a
nozzle to an ambient chamber with a much lower pressure,
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the free jet expands and decompresses very rapidly, leading
to the formation of a strong shock called the Mach disk,
which is normal to the flow direction. At the nozzle lip, an
expansion fan forms. The expansion waves extending to the
jet boundary are reflected back as compression waves, which
coalesce to form the oblique shock in the interior of the
jet.** Crist et al.** experimentally studied the underexpanded
jet for various substances. An empirical formula was given
which expressed the Mach disk location as a function only
of the ratio of preexpansion pressure to expansion pressure
1’3—:. Hatanaka and Saito found®® that the geometry of the noz-
zle would indeed have an influence on the location of the
Mach disk. They showed that when a cylindrical preexpan-
sion chamber was connected with a cylindrical straight noz-
zle, if the radius ratio between them was larger than 4, the
Mach disk location predicted from the ideal gas equation
would be less than that given by Crist’s experimental for-
mula. We are going to study the Mach disk location when
there is no plate positioned in front of the nozzle. We will
show that the Mach disk locations predicted by our numeri-
cal simulations are very close to Crist’s correlated formula
when the pressure ratio is very small but will deviate from it
as the pressure ratio increases. We will also show that with
different equations of state, the positions of Mach disks do
not differ a lot, but the temperature profiles in the outside
chamber will.

When there was a plate positioned in front of the nozzle
exit, through dimensional analysis, Fernandez de la Mora
et al.*® proposed a formula which correlated the Mach disk
location to the pressure ratio as well as the position of the
plate. Zare et al.”” numerically studied the Mach disk location
for airflow. They found that Fernandez de la Mora’s formula
was valid only if the plate was far from the nozzle exit. They
extended Fernandez de la Mora’s formula to include the case
when the plate was close to the nozzle exit, by fitting their
numerical results with a third order polynomial. We will show
that our numerical simulations with the egB equation of state
always fall on this curve, no matter where the plate is posi-
tioned or what the preexpansion pressure is.

The rest of this article is organized as follows: Section
“Problem formulation” gives a short review of the dynamic
van der Waals model and the egB equation of state. In
“Numerical scheme” some specific techniques in the
numerical solution of the equations are discussed briefly.
The next section “Results and discussion” contains several
subsections: the geometry of RESS process; numerical
tests; temperature profiles calculated using different equa-
tions of state; Mach disk location with or without a plate
positioned in front of the nozzle exit. The final section is
conclusion.

Problem Formulation
Dynamic van der Waals model

The model we are going to use and modify in this article
is the dynamic van der Waals model that has been used by
Laurila et al.*? to study boiling. The model, which was first
proposed by Onuki,* is suitable for single component two
phase flow simulations. A short review of this theory will be
given in this section. In the following, variables with or
without are dimensional and dimensionless, respectively.

In van der Waals theory, helmholtz free energy density for
monoatomic molecules is considered as a function of density
p and temperature 7°°
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where kg is the Boltzmann constant, Ay, is the thermal de Bro-
glie length with m being the molecular mass, a=eb with ¢
being the magnitude of the attractive potential, b is the molec-
ular volume. To describe an inhomogenous liquid—gas coexis-
tence system, a gradient term is introduced in the Helmholtz
free energy. Onuki®® constructed a dynamic van der Waals
model taking into account the gradient contribution to entropy
and energy, respectively. Anderson et al. 3 have given a gen-

eral principle to model such systems. The total mass /\/l total
momentum P, total energy £, and total entropy S are>”
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where Vv is the velocity, dV is the volume element, ¢ is the internal
energy density, s is the entropy per unit mass, K., K, are coeffi-
cients of the gradient terms in energy and entropy, respectively.
Physical balance laws for mass, momentum, energy, and entropy
can be expressed as’ (body forces such as gravity are ignored)

dM
i ! ©
dp .
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b LQ}' Ad 7)
dé .
—~=J [V-F - i—gg - i)dA 8)
dt 90
Q—J ds ~ﬁdA=J sPredqy ©)
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F s stress tensor, qe 1is internal energy flux, ¢, is entropy
flux, s is the entropy production, /i is outward unit normal
vector, dA is surface element. Usually, .7-' 4, qs include both
classical and nonclassical terms.*® The exact form of f qE, qs
need to be determined by the second law of thermodynamics,
that is, s > 0. Detailed derivations of those variables and

the hydrodynamic equations can be found in literature *'®
Onuki’s generalized hydrodynamic equations are the
following™
density equation
0, & .-
—+V- =0 10
% (pv) (10)
momentum equation
a(pv = = =z
(gfv) +V - (pV)=—V - (I1—&)—pge. (1)
total energy equation
86]‘ -~ ~ X x - ~ PR
5 +V - (érV)==V - [(I1=6) - ¥]+V - AVT)—pgv. (12)

In the equations above

AIChE Journal January 2015 Vol. 61, No. 1

Published on behalf of the AIChE

ﬁ:< (VD) —xﬁ?%)iﬂ%% (13)
is the reversible stress tensor containing the gradient contri-
bution from helmholtz free energy, x is the coefficient of the
gradient term and has the form of k=KT.

p is the thermodynamic pressure satisfying

l\)lx

o (T o n ksTh (D
p(p,T)=p 0 f(p,T—m_bﬁ a<m> (14)
and
=a(VV+VVH)+(E=20/3)IV - v (15)

is the dissipative stress tensor, E and [ are bulk and shear
viscosity, respectively, and are assumed to be the same in
this article. ~
As a function of p and T, the internal energy é is
e s = =Of(P,T) 3ksTp  ap?
T)= N-T———=——7>-—— 16
e(p,T)=f(p,T) oF S L
and total energy ér =¢+0.5pv>
Except in the neighborhood of the critical point, the trans-
port coefficients, namely, the viscosity it and heat conductiv-
ity J of liquid are much larger than those 1n gas.>® For

simplicity, following Onuki®® and Laurila et al.,*> we assume
that they depend linearly on the density
fi=fyp (17
2=Jop (18)

The sound speed is calculated as>”

. keT 172 2 T,
= — 1+-——= 19
s (m) 377 (19)
where
p bp\’
T, 2a—(1——> (20)
mkg m

is the spinodal temperature.

Notice that Eqs. 10-12 are written in conservative form
which is important for shock capturing, since the primitive
variables have large variations across the shock, while the
flux variables have either zero or very small variations.*’

The governing Eqgs. 10-16 are nondimensionalized by
introducing the following scaling

We choose (p*, p*, T*) to be the critical point of the van
der Waals fluid, so p*= %, p *—27“,77, and T*= 27/< =

=1 um, which is the unit of nozzle diameter in our simu-
lations. Characteristic velocity v* is chosen to be the sound
speed at the inlet for each simulations. After defining all the
characteristic variables, the corresponding dimensionless
equations are:

density equation

dp _
S5 TV v)=0 (22)

momentum equation
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For this system
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Dimensionless parameters introduced are: Reynolds number
Re=L2" which measures the relative importance of inertial

Ho ”
i . =P — _a _
force to viscous force; the parameter R T = G

which is proportional to the ratio of the attractive potential
energy to the molecular kinetic energy,3 ! the parameter

_ /()p T Smio —
B= = =5 the parameter (=
mgL* 30

ized gravity acceleration G= a/9%"

n
W and the normal-

egB equation of state

As has been pointed out in the literature,” cubic equations
of state may fail to accurately estimate the sound speed and
residual part of the enthalpy, both for a pure substance and
for a real mixture. To give a good prediction of the fluids
over a wide range of pressure and temperature conditions,
including the single-phase region, two-phase coexistence
region as well as the supercritical region, an equation of
state with some adjustable parameters is needed.”® Several
researchers have demonstrated that the egB equation of
state®® could predict the fluid properties quite well even in
the supercritical region.>'® The equation of state for CO,
that was developed by Span and Wagner*® is considered to
be the most accurate equation of state for CO,, and the dif-
ference between the egB equation of state and Span and
Wagner’s equation of state is always less than 1.2%.”

In a series of papers,7’8’41 Tuirk and coworkers studied the
RESS-process using a steady-state 1-D fluid model to predict the
thermodynamic properties of the pure solvent along the center-
line, using egB equation of state. The shortcoming of those 1-D
models is that they could not capture characteristics off-axis. In
many applications, thermodynamic properties on the whole
domain are needed, so 2-D studies of the flow are necessary. In
this subsection, we are going to describe the egB equation of state
which will be used in our calculations in later sections.

The egB equation of state is written as

p=pR,T (14 pB1+p°By+p B3+ p*By+p°Bs
+p*(Be+p°By)exp (—p*))

where p=p/p, is the dimensionless density. The coefficients
B;=B;(1/T,e;) are functions of 1/T and e; T=T/T. is the

(30)
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dimensionless temperature, e; are correlated with 95 general
constants and two substance-specified parameters, the Pitzer
factor and the Stiel factor.*?

With the given equation of state (30), enthalpy, internal
energy, heat capacity, and the sound speed can be deter-
mined as follows.?

The enthalpy per unit volume is calculated as (variables
with underscore represent property per mole)

T, ,;)fé WO, p) R (Z—1)+ jv o {T(%)”_p}dv}

V=

(D)

where Z=p/pR,T is the compressibility, R, is the specific
gas constant, R, is the universal gas constant. Variables with
superscript /G represent properties for ideal gas.

Internal energy density is

e(T,p)=h(T,p)=p (32)
With Egs. 30 and 32 for p and ¢, replacing Egs. 14 and 16,

the simulations are performed using the egB equation of state.
The molar heat capacity at constant volume C,, is

- L (LEVTH) 925
C,.(V,T)=C, (LT)JFTJ ( >dV (33)
V=00 8T

The molar heat capacity at constant pressure C » 1s related
to C, as follows

G, T)=Co(V,T)+ = Mw<a_p>/<g_,;> (34)

oT ;

M,, is the molar mass. With ép, C:v, we can calculate

sound speed as
5 (Co\ [P
u2=(4) (—) 35
! C, op )i G2

Using the same scaling to nondimensionalize equation of
state (30)—(32), we obtain

p=CpT(1+pB+p*By+p*Bs+p*By+p°Bs
+p”(Bs+p*Bs)exp (—p))
e(T,p)=h(T,p)—p 37

dimensionless parameter C is defined as: C= Rsf}*T .

(36)

Numerical Scheme

A finite element numerical toolbox femLego42 has been
used for all simulations. FemLego is a symbolic tool for
solving partial differential equations. Users need to define all
the equations, boundary conditions, initial conditions, and
linear solvers in a single Maple sheet. A C and Fortran code
will be generated automatically after compiling the Maple
sheet.*> In this article, variables are discretized in space with
piece-wise linear base functions, linear systems are solved
with the generalized minimal residual method (gmres), a
first-order Euler forward scheme is used for time marching.

We apply the characteristic-based split (CBS) method®* to
solve Eqs. 22-26 using the vdWs equation of state (27)—(28) or
the egB equation of state (36)—(37), in a cylindrical coordinate.
More details about the CBS method can also be found in the
book written by Zienkiewicz et al.** To simulate the RESS
process during which axial and radial shocks are typical
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Figure 1. Dimensionless RESS geometry.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

characteristics, some numerical diffusion should be added to
the scheme. We use the second derivative-based method**** to
damp out the oscillations caused by shocks and obtain as sharp
a solution as possible. Numerical steps are the following (varia-
bles with a superscript n represent their values at time n/\f):

1. Solve Eq. 38 to obtain the intermediate mass flux U*

U-u - "
=|=V - (Uv)=RV -11+—V - 6—GRpe,
At Re 38)
A .
+ T’V" V[V - (UV)+RV - TT+GRpe.]"

2. Solve Eq. 39 to obtain pressure tensor at the new time
ol
step I

~ n+1

I =[(p(p, T)~L(T(Vp)* =2LTpV>p)[ +2(TV pVp]" (39)

where p(p,T) corresponds to Eq. 27 when using vdWs equa-
tion of state or Eq. 36 when using egB equation of state.
3. Solve Eq. 40 to obtain density at the new time step

pn+l
p”+1—p” ~nt+l  an
=V U0 (U U 0, 0:R A - (117 11
(40)

4. Solve Eq. 41 to obtain total energy at the new time

step T7"*!
n+l__ ,n R
%z[—v (erv)=V - [(TI=Re'R714) - v]

+BV - (pVT)]"Gpv,

(41)

where er=e(p,T) and e(p,T) corresponds to Eq. 28 when
using vdWs equation of state or Eq. 37 when using egB
equation of state.
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5. Solve Eq. 42 to obtain mass flux at the new time step
Un+1
~n

n+1 __yr*
e AL 0)
As (42)
+ 5 VIRV - (0(11" 1))

6. Solve temperature 7"*! from total energy /"'

7. Smoothing the solutions at the time step #*"! by solv-
ing Eq. 43. Here, we use ¢ to represent any of the solution
variables

¢Z+1:¢n+l+AtD(¢n+l) (43)

where numerical diffusion is defined as®
_ CealS,
D($)=M; 1Z%fl(Me'—Mi‘)q&e' (44)
el ¢

C. is a user-specified coefficient, S, is the element pressure
switch calculated as a mean of nodal switches S;

SI _ {Zd (Mel _le )pel }1
5 =3,

(45)

Sa==———— (46)

Ng is the number of vertex of a element, p is the thermody-
namic pressure, and M, M are the consistent and lumped
mass matrices, respectively, el represents the element.

Results and Discussion
Geometry

Figure 1 shows the geometry we use in this article. All
calculations are made in axisymmetric geometry. HIAB is a
convergent capillary inlet with a starting radius of Ly; and a
length of Lys. ABCD is a straight nozzle with a diameter of
d=2L,p and a length of L,p. DCEFG is an outside chamber.
A plate GF is positioned at a distance of Lps to the nozzle
exit CD, AB is the straight nozzle inlet, EF is an open
boundary, CE is a solid wall, and HG is the axisymmetric
axis.

Numerical validations

Phase Separation. To check the capability of our model
in describing phase transition process, we study the phase
separation for a small domain by solving Egs. 22-26 with
the egB equation of state (36)—(37). Results are shown in
Figure 2. The length scale is L*=1E—9 m, and we use the
sound speed at the critical point as characteristic velocity, so
v*=174.984 m/s. The dimensionless domain size is [0,250]
X [300,550] with mesh resolution /.=2.5.

Initially, the system has a uniform temperature 7=
273.715 K, uniform thermodynamic pressure p=3.477 MPa,
and density p=467.6 kg/m*® with random perturbation
added, see Figure 2a. For egB equation of state, at
T=273.715 K, densities of saturated vapor and liquid at
equilibrium are: p,=98.5304 kg/m’, p;=920.3151 kg/m’.
Figure 2b show that at t =300, the fluid has already decom-
posed to liquid and gas with the expected values of density,
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Figure 2. Phase separation with initial density p=467.6 kg/m3, (a) t =0 and (b) t = 300.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

so our model can capture phase transition and two-phase
coexistence.

A Typical Run and Convergence Test. In this part, we
run a typical case to study the jet expansion and show some
convergence tests based on the vdWs equation of state. For
simplicity, the computational domain does not include the
convergent nozzle part HIBA in Figure 1. The geometric
parameters are: diameter d=2L,p=50 um and length
Lap=25 pm, Lpc=9.4d. Pressure and temperature at inlet
AB is: T;=332.65 K, p,=7.535 MPa, which gives p;=
242.2761 kg/m? through equation of state (14), and the
sound speed #,=207.7486 m/s according to (19)—(20).
Atmospheric conditions are assumed in the large outside
chamber: T0=293.15 K, p,=0.101325 MPa.

Initial distribution of temperature 7 and pressure p are the
following

T;,if zg <z<zp
T(r,z,0)= 47
Tovif zp <z SZG
Pi+ﬂ(Pa_Pi)7if 20 <z<12p
p(r,z,0)= DA (48)

Posif zp <z <z

Initial distribution of p(r,z,0) can then be obtained
through equation of state (27).

Equations 22-28 are solved with the following boundary
conditions:

1. At the inlet AB: p=p;, p=p;, T=T;, v=u,, where u is
the sound speed at the given inlet conditions.

= % —n IT — 9 —
2. At the plate GF: v=0, 3£ =0, §- =0, £ =0.

3. At the open boundary EF: atmospheric conditions for
ps ps T.

4. At the solid wall CE: v=0, p, p, T are fixed at atmos-
pheric conditions. ) )

5. At the nozzle wall BC: v=0, % =0, Z =0, 2 =0,

> On > on
6. At the centerline AG: v - n=0, % =0, g—: =0, % =0.

Table 1 shows the transport properties of carbon dioxide
at T=332.65 K for p=0.1 MPa and p=7.535 MPa.*® ji and
1y are dynamic viscosity and kinematic viscosity, respec-
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tively, J. is heat conductivity, ):0 is heat conductivity per
density. Average values of fi; and /o at the inlet and outside
chamber are used to calculate the dimensionless parameter.
The sound speed at the inlet is v*=207.7486 m/s. With the
scaling we defined previously,

all the dimensionless parameters related to this problem
are: Re=70.7591, R=0.3655, B=0.3011, {=2.9464E—6,
G=0.

Figure 3 shows profiles for density, temperature, thermo-
dynamic pressure, and velocity magnitude at steady state. To
see the rapid change of density and pressure in the chamber
clearly, we plot the log o function for these two variables.
We can see that the Mach disk and barrel shock are well
captured by our scheme. In the transition region from the
nozzle exit to the shocks, temperature and pressure decrease
rapidly, leading also to a rapid decrease in density. Outside
the region bounded by the shocks, the thermodynamic varia-
bles increase due to the interaction with the atmosphere. The
velocity profile is consistent with those thermodynamic vari-
ables. The velocity is increasing all the way until it reaches
the Mach disk. At the Mach disk, the velocity decreases rap-
idly and the flow becomes subsonic. Although the tempera-
ture outside the nozzle decreases a lot, we have not observed
any phase change. The continuous injection of carbon diox-
ide maintains the whole system in a nonequilibrium state.
The fluid in the jet is in a rapid nonequilibrium flow, where
simply there is no time to form liquid before conditions
change.

To test the mesh convergence, we run this case on different
meshes with characteristic mesh resolution /. equal to 5, 2.5,
and 1.25, respectively. Figure 4 shows density contours at

Table 1. Transport Properties of CO, at T=332.65 K

p=0.1 (MPa) p=7.535 (MPa) Average Value

p (kg/m?) 2510 2422761

It (Pa-s) 1.955 E-5 1.4535 E-5

7 (W/(mK)) 2.9995 E-2 1.598 E-2

i (m?/s) 8.07 E-8 5.79 E-6 2.936 E-6
Jo (m2W/(kgK)) 1238 E-4 6.37 E-3 3.245 E-3
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nitude || v || at steady state.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

t = 1000 for these three different meshes. It shows that as the
mesh size decreases, shocks become sharper, and more
detailed information about the shock structures can be seen.
The position of the Mach disk are at z =600 for all different
mesh resolutions. The mesh with /,=2.5 is good enough to
capture the core region of the supersonic jet, that is, the
region bounded by the Mach disk and the oblique shock. It
also tells us that solution on the finest mesh /.=1.25 should
be able to be used as an approximation for the exact solution.

We then calculate the average L, norm for the density dif-
ference between two different meshes. The average L, norm
on the whole computational domain Q is defined as

".(PL (”72)_01,:1.25 (r, Z))ZdQ

_ | p1,(r,2)=p1 =125 (r, 7)1, _
] 1dQ

1dQ

E

(49)

where p; _;,5(r,z) represents density on the mesh with /.=
1.25 and p, (r,z) represents density on another mesh with
mesh size /.. We use unstructured meshes, where node points
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do not coincide for meshes with different resolutions, and
we thus interpolate solutions of different meshes onto an
identical mesh before calculating E in Eq. 49. The results
are listed in Table 2. It shows that the average L, norm is
very small and decreases as the mesh size decreases.

3-D Validation. In this part, we make a comparison
between the 2-D axisymmetric simulation and a full 3-D
simulation for flow in a small cylinder. The geometry, initial
conditions and boundary conditions are the same as in sec-
tion “A typical run and convergence test” above. Figure 5
shows our results at =700, using egB equation of state. It
shows that the results predicted with 2-D and 3-D simula-
tions are very good in comparison both qualitatively and
quantitatively.

Temperature profiles with different EoS

It has been pointed out in literature’ that the cubic equa-
tions of state, like the vdWs or the Peng—Robinson equation
of state are able to give a good description of the vapor-lig-
uid equilibrium and the phase behavior of dilute supercritical
mixtures, yet they fail to accurately estimate the sound speed
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and residual part of the enthalpy, both for a pure substance
and for a real mixture.” To give a good prediction of the flu-
ids over a wide range of pressure and temperature condi-
tions, including the single-phase region, two-phase
coexistence region as well as the supercritical region, an
equation of state with some adjustable parameters is
needed.*? Although 1-D simulations, Tiirk,’ Helfgen et al.®
showed that the egB equation of state could describe the
supercritical fluid very well. In this subsection, we are going
to compare the temperature profiles obtained with different
equations of state.

The geometric parameters we use in Figure 1 are:
LH[:600 ym, LHA:33O Hm, d:2LA3:60 qm,
350 um, Lpg=9.4Lsp. Initial conditions have the same
expression as (47)—(48), but with z4 being replaced by z,
and T;=Tk, [5,:156. Boundary conditions are also the same
as in section “A typical run and convergence test,” the inlet

Lap=
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boundary now is HI and velocity at the inlet is not specified.
For the steep wall B, we apply the same boundary condition
as the nozzle wall BC.

Figure 6 shows the temperature T profiles along the cen-
terline for three different equations of state: the egB equation
of state (black squares), the van der Waals equation of state
(blue circles), and the ideal gas law (red triangles). The pre-
expansion condition is p,=13 MPa, T.=388K. It shows that
both the vdWs equation of state and the ideal gas law predict
an extremely low temperature, while the egB equation of
state predict a higher temperature in the expansion chamber.

Table 2. Average L, Norm of the Error E

l.=5 vs. [.=1.25 1.=2.5 vs. [.=1.25

E 4.256 e-3 2.485 e-3

Published on behalf of the AIChE
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The minimum temperature in the outside chamber is 12.5 K
for the vdWs equation of state, and 180 K for the egB equa-
tion of state.

Mach disk location

In this section, we will investigate how the location of the
Mach disk is determined by the different parameters. Refer-
ring to Figure 1, the geometrical parameters are:
LH1:600 um, LHA:33O um, dZZLABZIOO Hm, LAD:d:
100 pm. In subsection “Distance from Mach disk to nozzle
exit without a plate,” we set Lp;=6000 um, and outflow
boundary condition is applied there. In subsection “Distance
from Mach disk to nozzle exit with a plate,” we vary Lpg to
study its effects on the jet and Mach disk location. Boundary
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Figure 6. Profiles of temperature T along the centerline
for three different EoS under preexpansion
condition p.=13 MPa, T .=388K.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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conditions are the same as those used in subsection
“Temperature profiles with different EoS.”

Distance from Mach Disk to Nozzle Exit Without a Plate.
Figure 7 shows the time evolution of the supersonic jet
under preexpansion condition p.=15 MPa, T=388 K. As
seen in Figures 7a—d, the core region of the supersonic jet
keeps developing. After = 5000, the Mach disk stays at
z=1000, even though there is some development of the
flow field also after this.

If we change the preexpansion pressure in Figure 7, the
Mach disk location will also change. Crist et al®* experi-
mentally studied the highly underexpanded jet for various
substances. In their experiments, only nitrogen and helium
were heated above 300°K, while the temperature of carbon
dioxide was 298 K. They found that the Mach disk location
was insensitive to nozzle lip geometry and specific heat
ratio. The only parameter that did determine the Mach disk
location was the ratio of preexpansion pressure to atmos-
pheric pressure %. They expressed the dimensionless Mach
disk location Ly, /d as a function of 1%

LM Pe
V Po

y 0.65

Although Crist’s formula did not show dependence of the
size and location of the Mach disk on nozzle shape, Hata-
naka and Saito found® that the geometry of the nozzle
would indeed have an influence on them. They showed that
when a cylindrical preexpansion chamber was connected
with a cylindrical straight nozzle, if the radius ratio between
them was larger than 4, the Mach disk location predicted
from the ideal gas equations would be shorter than that given
by Crist’s experimental formula, and the deviation would
become larger when the pressure ratio 15—2 increased. At the
maximum pressure ratio in their simulation, which was 40,
the relative difference between %V' determined from their sim-
ulation and Crist’s formula was about 20%.

(50)
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Figure 7. Time evolution of the temperature proflie for the supersonic jet under expansion condition p.=15 MPa,

T.=388 K.

(a) =200, (b) =600, (c) t=1000, (d) £=5000, (e) =10,000, and (f) £ =20,000 (steady state). [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]

We numerically study the Mach disk location using three
different equations of state: egB equation of state, vdWs
equation of state and the ideal gas law. Figure 8 shows the
distance between the normal Mach disk and the nozzle exit
at various pressure ratios IP’_z‘ The preexpansion temperatures
are fixed at T=3838 K or 7=330 K. The atmospheric
pressure P, is kept constant at 0.101325 MPa, while the pre-
expansion pressure P, is changed from 2.5 MPa to 40 MPa.
For the van der Waal equation of state, the Mach disk only
exists up to p,=20 MPa when T=388 K and up to p,=10

MPa when T=330 K. When we increase the preexpansion
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pressure beyond these values, the Mach disk disappears dur-
ing the evolution, as seen in Figure 10. Figure 8 tells us that
the equations of state indeed have a small influence on the
calculated Mach disk location. Mach disk locations predicted
with three different equations of state are very close to
Crist’s correlated formula when the pressure ratio is very
small, but deviate from it as the pressure ratio increases.
Similar results have been found by Hatanaka and Saito.*
Figure 9 are the temperature profiles calculated with dif-
ferent equations of state at = 1000 and ¢= 20,000 under
preexpansion condition p,=12.5 MPa and T.=388 K. The
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Mach disk and barrel shock are clearly seen at = 1000. In
later times, the Mach disk becomes narrow because of the
compression of the barrel shock. The shape of the Mach disk
and barrel shock are very similar when using the ideal gas
law or vdWs equation of state, while the core region
bounded by the Mach disk and the barrel shock are wider
when using the egB equation of state.

Figure 10 are the temperature profiles calculated with dif-
ferent equations of state at ¢=1000 (first row) and
t=20,000 (second row) under preexpansion condition p.=
22.5 MPa and T.=388 K. The Mach disk and barrel shock
are clearly seen at r = 1000. It shows that when ﬁ—z increases,
the core jet region calculated from van der Waals equation
of state almost disappears at £ = 20,000 and there is no Mach
disk. Numerical tests with %: > 22.5 also have been done,
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results are even worse than 10 (b). Those computation
results indicate that van der Waals equation of state is not
suitable for RESS calculations if preexpansion pressure is
too high.

Distance from Mach Disk to Nozzle Exit with a Plate. In
many applications, like the inertial impaction or coating, a plate
will be positioned in front of the nozzle exit to collect particles
and produce special surfaces. An investigation of the effect of
a plate on the flow field and Mach disk location is important
for such processes. With a plate positioned perpendicularly to
the jet at a distance of L, from the nozzle exit, the Mach disk
becomes a bow shock wave, which interacts with the jet cen-
terline at a distance ¢ upstream from the plate.37

Figure 11 shows the time evolution of the supersonic jet
under preexpansion conditions p.=15 MPa, T=388 K,
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Figure 9. Profiles of temperature T under expansion condition T.=388 K, p,=12.5 MPa.

(a and b) egB-EoS, (c and d) vdWs-EoS, (e and f) ideal gas law. Left column: $=1000, right column: ¢ =20,000. [Color figure can

be viewed in the online issue, which is available at wileyonlinelibrary.com.]

when there is a plate positioned in front of the nozzle at a
distance of L,=5d. We can see that the presence of a plate
constrains the development of the supersonic jet in the z
direction, and makes it expand more in the r direction,
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and the flow is also forced to change its direction

abruptly.

Through dimensional analysis, Fernandez de la Mora

et al.*° proposed the following correlation
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—=F(n) (5D

_Ly , [P
—g/\/P:O (52)

It is reasonable to expect that formula (51) will be consist-
ent with formula (50) when L,/Ly > 1, since the plate
should not affect the shock position in this case. Rewriting
formula (50) in the form of formula (51), we obtain

F(n)=1-0.65/n, when 7> 1 (53)

Fernandez de la Mora et al.*® use 0.67 in forrnula (53).

Zare et al.’’ studied the relationship between > and F(1)
for airflow when there was a plate positioned in fpront of the
nozzle exit. They found that formula (53) was not valid for
small #. In their study, the preexpansion conditions were
p.=0.101325 MPa, Te:300 K, and a typical pressure ratio
Pe =400 was used. Based on their numerical results, a new cor-
relation”’ between 2> ~and F (1) has been proposed as follows,

where

L =F(n)

—0.874313+1.63221>—0.41081+0.1445,if 0.05 < 5 < 0.85
={ 0.01177%—0.13462+0.54135+0.0703,if 0.85 <y <5

1-0.67/n,if n > 5
(54)

We solve Egs. 22-26 with egB equation of state (36)—(37).
The plate position L, changes from 3.75 d to 15 d. For each
specific Ly, we change the pressure ratro < to obtain different
values of #. Figure 12 shows the dlstance between (a) the
Mach disk and nozzle exit £, (b) the Mach disk and the plate
L‘s, as a function of pressure ratio P for drfferent L,. Figure
12a tells us that an increase in pressure ratio 7 will lead to an
increase in LM However, if the plate is close enough to the
nozzle exit, there is a critical pressure ratio (—C)(, at which LM
reaches a maxrmum When P—e > (%)C, a further increase 111
pressure ratro = will not influence the Mach disk location any
more. Figure 12b compares our results w1th the formula (54).
It shows that, although different L, and ¢ result in different

= yet when we rescale the Varrables usrng formula (52), all
Cases show similar behavior and fall on the same curve as is
proposed by the previous study.

Conclusion

This article has studied the axisymmetric rapid expansion
of supercritical carbon dioxide, based on a modified thermo-
dynamic model. The whole system is solved with the CBS
method. Artificial diffusion is added to the scheme to damp
out the oscillations caused by the shocks.

It has been pointed out in previous studies that the cubic
equations of state is not suitable for supercritical fluid calcula-
tions. It is shown in this article that the temperature calculated
with the vdWs equation of state for supercritical fluid is
extremely low. The new model which replaces the vdWs equa-
tion of state by the egB equation of state, shows a much more
reasonable higher temperature profile in the outside chamber.

The formation of shocks is a typical characteristic of the
RESS process and information of the Mach disk location is
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important for many applications. Based on the egB model,
we have studied Mach disk location when there is no plate
placed in front of the nozzle exit. Results with vdWs equa-
tion of state and ideal gas law are also presented for compar-
ison. It is found that the Mach disk locations predicted by
our numerical simulations are very close to Crist’s correlated
formula when the pressure ratio is very small, but deviate
from it as the pressure ratio increases. We also show that the
positions of Mach disks do not change very much between
the different equations of state, but the temperature profiles
in the outside chamber differ a lot.

We also studied the case when there is a plate placed in
front of the nozzle exit at different distances, for egB equa-
tion of state. The ratio of the distance from the Mach disk to
the plate 6 and the distance from the nozzle exit to the plate
L, is influenced by both the pressure ratio P and Ly:

P,
L,
£=F(n), =3/

obtained for different pressure ratio % and L,

where Similarity solutions are

It is also
found that for each plate position, when ;;—z is relatively
,’j—: makes the Mach disk move forward
toward the plate. But with L, small enough, there is a critical
pressure ratio (ﬁ—z)e at which the distance between the Mach

small, an increase in

disk and the nozzle exit LM stays almost constant. A further
increase in pressure ratlo has no effect on Ly;.
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